Abstract-This paper investigates the kinematics of spin-rolling motion of rigid objects. This paper does not consider slipping but applies a Darboux frame to develop kinematics of spin-rolling motion, which occurs in a nonholonomic system. A new formulation of spin-rolling motion of the moving object is derived in terms of contravariant vectors, rolling velocity, and geometric invariants, including normal curvature, geodesic curvature, and geodesic torsion of the respective contact curve. The equation is represented with geometric invariants. It can be readily generalized to suit both arbitrary parametric surface and contact trajectory and can be differentiated to any order. Effect of the relative curvatures and torsion on spin-rolling kinematics is explicitly presented. The translation velocity of an arbitrary point on the moving object is also derived based on the Darboux frame.
I. INTRODUCTION
When a multifingered hand manipulates an object, rolling and slipping often occur at the contact point between the fingertips and the grasped object. Since there are many benefits of the rolling contact, including reduction of abrasion wear, simplification of controller, and enlargement of reachable configurations, rolling contact without slipping is preferred when the grasped object needs fine tuning. Kinematics of rigid objects with rolling contact is a problem of nonholonomic constraint, i.e., the equation that relates two objects is expressed in terms of their velocities rather than positions. Moreover, the equation becomes a function of shapes of the two objects.
Kinematics of the rolling contact can be divided into two broad categories: pure-rolling motion and spin-rolling motion. Pure-rolling motion has 2 degrees of freedom (DOFs). Its instantaneous rotation axis always passes the contact point and is parallel to the common tangent plane of two objects. Spin-rolling motion, which is also called twist-rolling motion, has 3 DOFs. Its instantaneous rotation axis always passes the contact point, but it can be in any arbitrary direction.
Kinematics of a rolling contact was sometimes included as a special case of kinematics of the contact. One exception was the work of Neimark and Fufaev [1] , who derived the velocity equation of spinrolling motion based on the frames along the direction of lines of curvature. Kinematics of a point contact between rigid bodies has attracted many researchers. Cai and Roth [2] , [3] investigated kinematics of rigid objects in point contact, both in planar and spatial cases, and focused on two special motions, including slipping and pure-rolling motion. Montana [4] studied the kinematics of sliding-spin-rolling from a geometric point of view and derived the equation of contact.
Sarkar et al. [5] extended Montana's work to include acceleration terms. By using intrinsic geometric properties for the contact surfaces, they showed the explicit dependence on the Christoffel symbols and their time derivatives. Marigo and Bicchi [6] derived analogous equations with Montana's contact equations but with a different approach that allowed an analysis of admissibility of a pure-rolling contact. Agrachev and Sachkov [7] solved the controllability problem of a pair of purerolling rigid bodies. Chelouah and Chitour [8] addressed the issue of motion planning for the control system that results from pure-rolling of a 2-D Riemannian manifold onto another and presented two procedures to tackle the motion-planning problem when one manifold was a plane and the other a convex surface. Chitour et al. [9] studied the pure-rolling of a pair of smooth convex objects, with one being on top of the other under quantized control. Tchon [10] introduced and examined the property of repeatability of inverse-kinematics algorithms for mobile manipulators. Tchon and Jakubiak [11] derived an extendedJacobian-inverse-kinematics algorithm for doubly nonholonomic mobile manipulators based on the concept of endogenous configuration space. Li and Canny [12] used Montana's contact equations to study whether an admissible path exists between two configurations in the case of pure rolling and, if it does, then how to find it.
It is acknowledged that rolling and the curvature effect on it are essential in the design of simple and dexterous hands. Hence, it is not surprising to see that much of the literature that has appeared in recent years is related to grasping and manipulation of objects and control of multifingered hands that concern kinematics of rolling contact between fingertips and the object. Ghafoor et al. [13] , [14] simplified kinematics of rolling contact to line contact to study stiffness modeling and finemotion control of the interaction between fingertips and the grasped object. Kerr and Roth [15] discussed how to compute the movement of the fingers in order to produce a given displacement of the object. Remond et al. [16] acknowledged the need of rolling compensation for multifingered-hand control structure and proposed polar parameterization of the local shape around the contact point to get four independent equations. Some other literature regarding motion planning and control of the multifingered robotic hand can be found in [17] - [26] .
However, the aforementioned mathematical derivation of kinematics of rolling contact suffers from some drawbacks. First, the derivation of equations is generally difficult to obtain; as stated in [16] , it cannot be easily done in general. Second, it is local in nature. In other words, it depends on the parameterization of the contact surfaces. If either the origin or the orientation of the global coordinate changes, the formulations are no longer valid. Third, the formulations can be differentiated only to a certain order, which is usually either one or two.
The main contribution of this paper is that a new equation of the angular velocity of the spin-rolling motion of the moving object is derived. The new formulation is expressed in terms of three contravariant vectors and geometric invariants, which are arc length of the contacttrajectory curve and the induced curvatures of the two surfaces.
A contravariant vector is a geometric entity whose components will be transformed in a certain way that passes from one coordinate system to another. The contravariant vector itself does not change. However, the components of the contravariant vector might vary due to the change of a coordinate system. In the language of tensor analysis, a contravariant vector is a type (1, 0) tensor.
The invariants include the magnitude of rolling velocity and the induced curvatures of the two surfaces. These invariants remain identical, regardless of coordinate transformations. If the new contravariant-vector-based angular velocity is formulated in a coordinate system, change of the coordinate system results only in the change of components of contravariant vectors, and it does not change the formulation. In this sense, the formulation proposed in this paper is coordinate-invariant.
Thus, the equation can be formulated in a convenient local coordinate system and can later be used in a global one. Further, the equation is represented in terms of geometric invariants. It can be readily generalized to suit both arbitrary parametric surface and contact trajectory and can be differentiated to any order. The effects of the relative curvature and torsion on spin-rolling motion are explicitly presented in this equation.
This paper is organized as follows. Section II introduces the concept of Darboux frame. Section III investigates geometric kinematics of spin-rolling motion. Section IV obtains a new equation of the angular velocity of the spin-rolling motion in terms of the rolling speed and two sets of geometric invariants. Section V gives two examples that show how to apply the proposed method. Finally, Section VI concludes this paper.
II. DARBOUX FRAME
A brief introduction that concerns some basic concepts of differential geometry is given in this section. Details can be found in [27] - [29] .
Let L be an oriented curve that is traced on an oriented surface S in a 3-D Euclidean space, and Darboux frame {e 1 , e 2 , e 3 } is a right-handed orthogonal frame that is associated with each point of M ∈ L, as shown in Fig. 1 , where e 1 is the unit tangent vector to L, e 3 is the unit normal to S, e 2 is tangential to S, and e 2 = e 3 × e 1 at point M, where e 1 , e 2 , and e 3 are row vectors.
The equations of motion of the Darboux frame can be written as
( 1) where s is the arc length of curve L, and k g , k n , and τ g are the geodesic curvature, the normal curvature, and the geodesic torsion, respectively.
The vector M in (1) is a position vector that depends on the choice of the coordinate system. The components of the vector M are obtained from the measurement along the axes of the coordinate system. However, the three vectors e 1 , e 2 , and e 3 in (1) are either contravariant vectors or type (1, 0) tensors. They do not have any intrinsic coordinate system. The components of these contravariant vectors will transform in a certain way that passes from one coordinate system to another.
The four scalars, i.e., s, k g , k n , and τ g in (1), are geometric invariants that maintain the identical values, regardless of coordinate transformations. 
III. GEOMETRIC KINEMATICS OF SPIN-ROLLING MOTION
Assume that objects A and B undergo spin-rolling motion without slipping at every moment. Curve L is the contact-trajectory curve on surface S 1 of object A and curve L on surface S 2 of object B. Since the aim of this paper is to study the relative motion between the two objects, object A can be assumed to be fixed. Object B has spin-rolling motion relative to object A. With the setup frame {A} fixed on object A and frame {B} fixed on object B, a superscript A or B will be used to represent the frame in which a vector is expressed. 3 and B e 3 . Hence, the two frames can always be made to coincide, as shown in Fig. 2 , where contravariant vector A e 3 points outward of surface S 1 , and B e 3 points inward of surface S 2 . Assume that both curves L and L are parameterized by arc length. Let s and s denote the arc lengths of L and L , respectively. Let P denote an arbitrary point of object B; then, the position vector of point P can be expressed in frame {B} as
Differentiating (2) with respect to s yields
where k g , k n , and τ g are the geodesic curvature, the normal curvature, and the geodesic torsion at point M of L . Since P is a fixed point of object B, it follows that
Substituting this into (3) yields
(5) Point P can also be expressed in frame {A} as
Differentiating (6) with respect to s yields
where k g , k n , and τ g are the geodesic curvature, the normal curvature, and the geodesic torsion at point M of curve L. The rolling constraints require that the velocities of the two contact curves be equal, which results in the arc lengths of the two contact-trajectory curves covered in the same time period being identical, i.e., s = s . Since moving frames 
and consequently
Thus, due to the coincidence, s can be used to denote both s and s , and u i can be used to denote both u i and u i . Substituting (3) and (9) into (7) yields
where
are called induced geodesic curvature, normal curvature, and geodesic torsion, respectively.
IV. DARBOUX-FRAME-BASED VELOCITY FORMULATION OF SPIN-ROLLING MOTION
If time t is considered, the velocity of an arbitrary point P on object B can be obtained from (10) as follows:
where σ = ds/dt is the magnitude of rolling velocity. This gives the Darboux-frame-based translational-velocity formulation of an arbitrary point. On the other hand, suppose the angular velocity of object B with respect to object A is
The velocity of point P can also be obtained as
Comparing (12) with (14) gives
The angular velocity of object B is, thus, obtained from (13) and (15) as
This gives the Darboux-frame-based angular velocity of spin-rolling motion of the moving object. There are three terms in (16) , where the first two terms, i.e., −στ * g A e 1 + σk * n A e 2 , give the pure-rolling velocity about an axis in the tangent plane at the contact point, and the third term, i.e., −σk * g A e 3 , gives the velocity of spin motion about the normal direction at the contact point.
It can be seen that the magnitude of rolling velocity σ and the induced curvatures τ * g , k * n , and k * g are scalars, and A e i are contravariant vectors. Since a contravariant vector has a direction and a magnitude, and it has no intrinsic coordinates, the equation of the angular velocity can be formulated in a convenient local coordinate frame and can later be used in a global frame without change. In this sense, (16) is coordinateinvariant.
Another advantage is that (16) is represented in geometric invariants that can be readily generalized to arbitrary parametric surfaces and contact trajectories. Higher order kinematics of the moving object can be obtained by differentiating the right-hand side of (16) .
Together with the translational velocity of (12), the kinematics of the spin-rolling motion of the moving object is determined by these two Darboux-frame-based equations.
A pure-rolling motion does not have spin motion in the direction of the normal of the surfaces. It requires that
Thus, the following corollary can be concluded. Corollary 1: If two objects undergo pure-rolling motion, the values of the geodesic curvature of the two corresponding contact-trajectory curves have to be identical.
This conclusion corresponds to that reported in [9] , in which neither rolling with neither slipping nor spinning was defined in terms of Darboux frame.
To control the moving object to follow the desired trajectory curve on the fixed object, the first two terms of (16) provide the information about the angular velocity in the direction parallel to the tangent plane. The third term of (16) provides the angular velocity of the spin motion. This information can be used as input of the control system to make the moving object follow the desired trajectory curve on the fixed object.
V. EXAMPLES
In this section, two examples are provided to show how the proposed method can be applied. The first example shows the reconciliation of the velocity formulation in this paper with a classical equation and also the advantages of the proposed formulation. The second example demonstrates how the equation can be obtained when the arc lengths of the contact-trajectory curves do not have a closed-form solution, and their geometric invariants are not constant.
A. Reconciliation of the Velocity Formulation With the Classical Equation
Consider the classical example of a disk of radius R spin-rolling on the plane, as shown in Fig. 3 , and the disk remains upright. The contact curves are the circle L of the disk and the curve L in the plane. In this case, the disk can be considered to be either a degenerated surface or a ball, with a big circle as the contact curve.
Suppose the curvature of L is k and that A e 3 is in the outward direction of the plane. The Darboux equations of L are 
From Darboux-frame-based velocity formulation (16) , it follows that the angular velocity of the disk is
The coordinate of the center point P of the disk in moving frame
A e 2 , A e 3 } at point M is (0, 0, R). From Darboux-frame-based translation formulation (12) and its alternation (14) , it follows that the velocity of point P is
(21) In textbooks about dynamics, such as those by Rosenberg [30] and Bullo and Lewis [31] , four general coordinates (x, y, θ, ϕ) were taken to study this contact. For this purpose, it is necessary to establish a coordinate system {A-ijk} with point A on the plane, i in the plane, k perpendicular to the plane, and i-j-k being an orthogonal frame, as shown in Fig. 3 . The angular velocity of the disk and the velocity of the centerpoint of the disk are, respectively, given by
If the replacements A e 1 = cos θi + sin θj, A e 2 = − sin θi + cos θj, A e 3 = k
are substituted into (20) and (21), it can be seen that (20) and (21) are the same as (22) , and the Darboux-frame-based velocity formulation reconciles with the classical velocity formulation. The advantages of the proposed formulation can be seen in the following discussion. If the angular velocity is formulated in the ways that have been proposed in previous literature, and if both the origin and orientation of the coordinate system change from {A-ijk} to {A -i j k }, as shown in Fig. 3 , the angular formulation in (22) must be reestablished.
In contrast, if both the origin and the orientation of the coordinate system change from {A-ijk} to {A -i j k }, the angular velocity (20) derived from the proposed approach becomes It can be seen that only the components of the contravariant vectors A e 2 change to A e 2 and A e 3 to A e 3 . The formulation remains the same. In this sense, the proposed formulation is coordinate-invariant.
Next, a brief discussion is provided using the information from the velocity formulation to control object B to follow the desired trajectory curve L on the fixed object A. Object B has 2 DOFs. At any instant, the first term σ/R of (20) provides the angular velocity about the axis that is perpendicular to the disk, and the second term −σk provides the information about how fast the disk spins to follow the curve L and, thus, gives the new tangent direction of the trajectory L. This information can be used as the inputs of the control system to make object B follow the trajectory curve L.
B. Application to the Spin-Rolling Motion With Variable Geometric Invariants
It is rare for a curve to have a closed-form solution of its arc length. It can be concluded that geometric invariants are obtainable if the arc length can be differentiated.
The surface of object A in this section is a cylinder of radius R, and curve L is the intersecting curve of the cylinder and a sphere of radius 2R, as shown in Fig. 4(a) . The surface of object B is a surface of revolution that is formed by rotating a parabola z = 1/2y 2 around z-axis, and curve L is that of the meridians, as shown in Fig. 4(b) . Now, suppose object B rolls without slipping on object A along curves L and L of objects A and B, respectively, where point M is the contact point, as shown in Fig. 5 .
Curve L can be parameterized as
The differential of arc length s of curve L with respect to θ can be obtained as
The arc length s does not admit a closed-form solution. It follows that the unit tangent vector A e 1 can be given by
. (27) Let the unit normal A e 3 of object A be outward, which can be obtained as A e 3 = (cos θ, sin θ, 0) .
After the algebraic operation, the geodesic curvature, the normal curvature, and the geodesic torsion of curve L can be obtained as
However, curve L can be parameterized as
where v 0 is a constant. This makes curve L a meridian of surface of object B. The differential of arc length s of curve L with respect to u can be obtained as
The unit tangent vector B e 1 of curve L can be obtained as
Let the unit normal B e 3 of object B be inward, and it can be obtained as B e 3 = 1
After some algebraic manipulation, the geodesic curvature, the normal curvature, and the geodesic torsion of curve L can be obtained as
From (16), the angular velocity of object B can be obtained as
From the derivation in this example, it can be seen that the proposed method is expressed in terms of geometric invariants that can be readily applied to arbitrary parametric surfaces and curves.
VI. CONCLUSION
This paper adopted the moving-frame method to study the instantaneous spin-rolling motion of rigid objects. The rolling constraints require that velocities of the two contact curves be equal, which results in the invariant arc lengths of the two contact-trajectory curves being identical in the same period of time. This geometric constraint facilitated subsequent analysis. It was found that the magnitude of rolling velocity and two sets of geometric invariants, including the geodesic curvature, the normal curvature, and the geodesic torsion, determine the instantaneous kinematics of a moving object. The result was expressed in terms of invariants that could be readily generalized to arbitrary parametric surfaces and contact curves. The effects of the relative curvature and torsions on spin-rolling kinematics were presented explicitly. It is hoped that new light can be shed on dexterous manipulations and motion planning.
Iterative-Learning Hybrid Force/Velocity Control for Contour Tracking
Antonio Visioli, Giacomo Ziliani, and Giovanni Legnani Abstract-In this paper, we propose a new method, which is based on an iterative-learning-control (ILC) algorithm, for the contour tracking of an object of unknown shape performed by an industrial robot manipulator. In particular, we consider (both implicit and explicit) hybrid force/velocity control whose performance is improved by repeating the task. Here, a timebased reference signal is not present, and therefore, a new approach has been developed, which is different from the typical applications of ILC. Experimental results show the effectiveness of the technique.
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I. INTRODUCTION
Despite the remarkable achievements in the design of control systems for complex robotic tasks, in industrial setting, there is still the need for methodologies that can make robot manipulators adapt themselves autonomously to semiunstructured tasks in order to cut reprogramming costs and to shorten the lead to production time. A typical example of an advanced task where a high degree of autonomy is necessary is the automatic tracking of objects of unknown shape. In contrast to standard industrial operations, where robots reproduce programmed paths with a little amount of feedback from the process under control, here, the robot end-effector has to contour the piece with a reference tangential velocity by exerting, at the same time, a predefined normal force. This is required, for example, in polishing and gluing applications, where the characteristics of the parts, which are in contact with the robot, do not change during the task. In any case, the contour-tracking task is required as a basic capability in a number of applications, such as grinding, deburring [1] , [2] , shape recovery [3] , and kinematic calibration. For this purpose, hybrid force/velocity control [4] appears to be suitable to be adopted, because it controls the end-effector force in a selected direction and the end-effector velocity in the other complementary direction. Actually, two kinds of hybrid force/velocity control can be implemented [5] : 1) explicit hybrid force/velocity control, where the robot end-effector is controlled by directly imposing the joint torques based on the measured force and position/velocity errors, and 2) implicit hybrid force/velocity control, where the end-effector is controlled indirectly by suitably modifying the reference trajectories of the position/velocity inner control loop based on the measured force and position/velocity errors. From another point of view, iterative-learning control (ILC) is a well-known effective approach for the robot motion control when a repetitive task is required (see, for example, [6] and references therein). Despite the success of the technique in the robot free-motion control, actually, no investigations for the application of this concept for contour tracking have been proposed with the exception of the work of Naniwa and Arimoto [7] , where, however, a reference trajectory is given (i.e., the shape of the piece to be tracked is perfectly known), and only simulation results are shown. It is worth stressing that an approach similar to ILC has been employed in [8] , where the controller self-improves itself iteratively by estimating the parameters of the model of the robot and of the contour by means of a Kalman filter. In this paper, an ILC technique is applied to the normal-force control in the context of both explicit and implicit hybrid force/velocity control for the contour tracking of a piece of unknown shape. In this task, a time-based reference signal is not available (the duration of the different trials is not the same because of unavoidable errors in the tangential velocity), and therefore, a standard ILC approach, where the learning mechanism is related to the time, cannot be implemented. A different technique has therefore been devised to cope with this situation.
II. HYBRID FORCE/VELOCITY CONTROL FOR CONTOUR TRACKING
We consider a contour-tracking task performed by a m-degree-offreedom (DOF) robot manipulator. If m > 3, we assume that m 1 DOFs are actuated to achieve a predefined orientation of the end-effector with respect to the tracked object so that the kinematic configuration of the manipulator is completely defined by the other m 2 := m − m 1 joints coordinates Q = [q 1 , . . . , q m 2 ]
T . The absolute reference frame xyz attached to the robot base is denoted as (0). The task frame (T) has its origin on the contact point between robot end-effector and tracked object, its n-axis is directed along the normal contact direction, the t-axis is directed along the tangential velocity direction, and the binormal axis b forms a right-handed frame. Let T represents the Cartesian velocity in frame (T). The aim of the contour-tracking task is to control the normal force f n and the tangential velocity v t of the
